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Abstract. For n odd the Lagrangian Grassmannian of R is a F-manifold. 



D, 1. Introduction and statement of the result 
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We denote by (M. 2n ,u) the standard symplectic vector space. The (unoriented) Lagrangian 
Grassmannian Jz? is the space of all Lagrangian subspaces of M 2n . It is a homogeneous space 

&^U{n)/0{n) , (1.1) 

see [AGO 1^ IMS98] . Every Lagrangian subspace can be identified with the fixed point set of 
a linear orthogonal anti-symplectic involution. Using this identification we define a smooth 
map on Jz? by 

O : J§? x Jg? «S? 

(R,S)^RSR ^ 

of which we think of as a product. On every space there are products such as constant maps 
and projections to one factor. In |Hop41| Hopf introduced the notion of r-manifolds which 
rules these trivial products out. The purpose of this paper is to prove that the above product 
give the Lagrangian Grassmannian Jz? the structure of a T-manifold for n odd. 

Definition 1.1. A closed, connected, orientable manifold M carries the structure of a T- 
manifold if there exists a map 

8 : M x M -> M (1.3) 

such that the maps 

x^@(x,y ) and y (->■ Q(x ,y) (1.4) 
have non-zero mapping degree for one and thus all pairs (xo,yo) & M x M. 

It is well-known that L is orientable if and only if n odd, see [Fuk 68 . The main result of 
this article is the following theorem. 

Theorem 1.2. Assume n is odd, then (Jz? , 0) is a T-manifold. 



Using Hopf's theorem |Hop41 Satz 1] we get a new proof of the following Corollary due 
to Fuks |Fuk68j . 

Corollary 1.3 ([Fuk68]). For n odd, the rational cohomology ring of is an exterior algebra 
on generators of odd degree. 

Remark 1.4. The cohomology ring of the oriented and unoriented Lagrangian Grassmannian 
was computed by Borel and Fuks for all n, see |Bor53al IBor53b[ IFuk68| . A nice summary of 
these results can be found in the book Vassilyev [Vas881 Chapter 22]. 
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The above situation fits into the following general framework. It is well-known that J£ 
embeds into U(n) as the set U(n) PI Sym(n), i.e. the symmetric unitary matrices. Thus, Jz? 
can be interpreted as the fixed point set of the involutive anti- isomorphism A t— > A T of U(n). 
On any Lie group G we can define a new product: (g, h) h-> gh~ 1 g. If / : G — > G is an 
involutive anti-isomorphism then this new product restricts to a product on the fixed point 
set Fix(J). This is precisely the situation for the Lagrangian Grassmanian, namely the map 
6 corresponds under the embedding of Jzf into U(n) to (g, h) i-> gh~ 1 g. 

For general Lie groups this gives not always rise to a T-structure for various reasons. For 
example if we take G = 0(n) resp. G = U(n) and 1(A) := A~ 1 then Fix(J) can be identified 
with UkG(k,n), the union of all real resp. complex Grassmannians, which is not connected. 
Another example is G = SU(n) with / = transposition, then for n = 2 we can identify 
Fix(I) = S 2 . But by Hopf's theorem |Hop41 Satz 1] S 2 is not a T-manifold. 
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2. Proof of Theorem 11.21 

From now on we fix n odd and work on the standard symplectic vector space (R 2n , to). We 
denote by 

the standard complex structure and identify the unitary group with the set of orthogonal 
matrices commuting with J 

U(n) = {tp G 0(2n, R) \ Jtp = ^J) . (2.2) 

A € 0(n) acts on U(n) by left multiplication with 

'A 
(A 

We recall that the (unoriented) Lagrangian Grassmannian Jzf is the homogeneous space 

Sf^U(n)/0(n) (2.4) 

see |AG0H IMS98] , Since n is odd, Jz? is a closed connected orientable manifold, see jFuk68| . 
We introduce the sub-vector space 

r := {ijj G M(2n, R) \ tp = ^ T , = ~4>J} . (2.5) 

of the vector space M(2n, R) of real 2n x 2n matrices. A short calculation shows that 

^ = { (b B a) I A = B = BT € M ( n ' M )} - s V m ( n ) x Sym(n) . (2.6) 

The subspace of V consisting of involutions is precisely the space of linear orthogonal anti- 
symplectic involutions. Thus we can identify 

if = {R g f | R 2 = 1} . (2.7) 



T s_! i . (2.3) 
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As base point we choose 

^o:=(j ^Gif. (2.8) 

We recall the map 

(R,S)^RSR. (2 ' 9) 

In order to prove Theorem 11.21 we need to show that the mapping degrees of 

S^e{R ,S) and S^Q(S,Rq) (2.10) 

are non-zero. Since 

S i — y @(R , S) = R SR R. 6(^0, RoSR ) = R R SR R = S (2.11) 

the first map is an involution and therefore has mapping degree ±1. The non-trivial case is 
to compute the mapping degree of 

e (5) := 9(5', #0) = SR S . (2.12) 

Proposition 2.1. The mapping degree of Qq equals 

de g e = 2 m+1 (2.13) 

where n = 2m + 1. 

Theorem 11.21 follows immediately from Proposition 12.11 In the remainder of this section we 
prove the Proposition. 
We denote 

F:=Q- 1 (R ) = {Re^ \ RR = R R} . (2.14) 

and observe that 

^={(0 ° A )\A = A T ,A* = ty (2.15) 

From now on we identify 

T = O(n) n Sym(n) . (2.16) 

In general, 

T R <£ = e V I <f>R = -R4>} . (2.17) 

For A 6 T we get 

T A ^=|^4 e V \ AA = -AA, BA = Ab\ (2.18) 
and in particular at 1 = Rq G JF it holds 

Tl ^ = {(l 0) 1 ® = ^ T }~ Sym{n) ' (2 ' 19) 
Then the differential of Go computes to 

os M -(i »)(| _*) + (J o).^ f). (2 ,0) 

Remark 2.2. We point out that J 7 is a submanifold of Jz? with several components of different 
dimensions. 
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The tangent space of T equals 

T A T = {A G Sym(n) | AA = -AA] (2.21) 

and its normal space 

N A T = {B G Sym(n) \ AB = BA} . (2.22) 

To determine the mapping degree of Go we normally would count with signs the number 
of elements in T = @q 1 (Ro). However, Rq is not a regular value of 0o and thus we are in 
a degenerate situation. Nevertheless, Rq is a weakly regular value, see Definition IA.1I It is 
explained in Theorem IA.2I how to determine the mapping degree in this situation. For this 
purpose we choose once for all a matrix C = diag{\i, . . . , A n } to be a diagonal matrix with 
strictly increasing Ai < . . . < A n . We identify 

C G Tiif . (2.23) 

The following Proposition is a special case of Theorem IA.2I 

Proposition 2.3. The mapping degree of Qq is the number of elements of 

6 := {(A, B) G NT | DO (A)(0, B) = C} (2.24) 

counted with orientation. 

From now on we consider only (A, B) G <S. It follows from equations (|2.2ip and f|2.22|) that 
the tangent space 

T [A ^NT = {(a, b) G Sym(n) x Sym(n) \ aA = -Aa, aB + Ab = bA + Ba} (2.25) 

of the bundle NT — > T has a natural horizontal distribution given by 

H {A,B) = i( a ' -\ A (P-B ~ Ba)) | a G T A T} . (2.26) 

For this we need to check that (a, — ^A(aB — Ba)) G T^ A ^NT if a G T A T. Indeed, since 
A 2 = 1 we have 

aB - A\A(aB - Ba) = \{aB + Ba) (2.27) 

and 

-\A(aB - Ba)A + Ba = \AA(aB - Ba) + Ba=\{aB + Ba) (2.28) 
thus H^ A C T, A ^NT. The vertical distribution equals 

V (AA = {(0,b)\beN A T} . (2.29) 
Since H, A ^ n V^ A ^ = {0} counting dimensions gives 

H (A,B)®V(A,B)= T { A,B) N ^- ( 2 -30) 

We abbreviate 

3 : NT TjJzf 

2AB\ (2.31) 



(A,B) h-> Z>e (A)(0,.B) 
compare (|2.20p . which we identify with 



2.4B J 



3 : NT —¥ Sym{n) 
(A, B) ^ 2AB . 



(2.32) 
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Then 

DE(A, B)(e, f) = 2eB + 2Af, (e, /) e T {A ^NT . (2.33) 

In the identification 

T iA,B) N ^ = H (A,B) © V(A,B) = T aF ® N A T (2.34) 

this map becomes 

T A J? *± T A T N A T * T (A 6) NF ^ Sym(n) 

v ' ' (2.35) 

(a, b) = (a,b- \A{aB - Ba)) i-> 2a5 + 2A(6 - \A{aB - Ba)) 
which simplifies to 

(a, b) H- 2aB + 2Ab - (aB - Ba) = aB + Ba + 2Ab (2.36) 

i.e. 

(a,b) ^ aB + Ba + 2Ab . (2.37) 

Next we determine the sign of the linear map D3. For this purpose we use that Jz? = 
U(n)/0(n) is a homogeneous space and, since n is odd, that 0(n) acts orientation preserv- 
ingly. Then choosing an orientation on TjJzf gives an orientation of Jzf via the transitive 
action of U(n). Accordingly we choose a map 

A : T A ££ — > Tiif ^ Sym(n) (2.38) 

as follows. Pick U € C/(n) such that 



namely 



: % q) < 24 °) 



where 

Q = l(t + A), P=\{l-A) (2.41) 
are the projection onto the ±1 eigenspaces of the involution A. Linearizing the mapQ 

™ (2.42) 

i2 ' — v URU T v ; 

gives 

A := D8(A) : T A ££ — > TiJSf = Sym(n) 

i *d^(i *> T <2 ' 43) 

5 -A/ \B -A 



Under the identification of U(n) fO(n) with the space of linear orthogonal anti-symplectic involutions the 
U(n) action corresponds to conjugation of the involution. 
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which computes to 



Q P\ (A B\(Q -P 
-P Q \B -A \P Q 



QA + PB -PA + QB\ (Q - 
-PA + QB -QA-PBJ\P Q 

QAQ + PBQ + PAP - QBP -QAP - PBP - PAQ + QBQ\ 
-QAP - PBP - PAQ + QBQ -QAQ - PBQ - PAP + QBP J 







-QAP - PBP - PAQ + QBQ\ 



-QAP - PBP - PAQ + QBQ J 

Next we simplify 

-QAP - PBP - PAQ + QBQ = -QAP - PAQ + B(Q - P) 

= -|((l + A)A(t - A) + (1 - A)A(t + A)"j + BA 

= -l^A + AA-AA-AAA+A-AA + AA - AAA^j + BA 

-A =-A 

= -A + BA. 

(2.44) 

Thus, we identify 

A(A, B) = —A + AB (2.45) 

which is orientation preserving by the very definition of the orientation of J2? . In total we get 
two maps 

Ta^£ — > Sym(n) 

(a,S)nf aB + Ba + 2Ab (2.46) 
(o, b) A -a + Ab 

see equations (12.35|) and (|2.37p . To determine the sign of DE at (A,B) it remains to study 
whether the map 

T A T -> T A T 

a -(aB + Ba) 

is orientation preserving or reversing. We recall that (A, B) € 6, see Proposition 12.31 i- e - 

A G 0{n) n Sym(n), 2AB = C , (2.48) 

thus, since AB = BA, 

A G 0{n) n Sym(n), AC = CA. (2.49) 

In particular, since we chose C = diag{\\ , . . . , X n } with Ai < . . . < A n , the involutive matrix A 
is necessarily diagonal with ±1 on the diagonal. Thus, we identify the power set of {1, . . . , re} 
with (3 as follow. 

7>({l,...,re})-6 

2.50 

I^(A I ,B I :=±CA I ) 
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with Aj the diagonal matrix with entries 

/ . \ f-l : i G I , . 

( ^« = {l <251) 

Furthermore, we recall 

T A T = {a G Sym(n) \aA + Aa = 0} (2.52) 
and AB = £?A We claim that the set 

{e ij \ iEl, j G I c } (2.53) 

with 

{e% s = { 1 ■■(r,s)or(s,r) = (i, j ) 
I : else 

forms a basis of Vi := TajJ~- To show this we first observe that a G Sym(n) is an element of 
V/ if and only if 

ajj =0 if i, j G / or i, j G I c . (2.55) 
Since any such a can be expressed as a linear combination of the (linearly independent) e lJ , 
the claim follows. 

We denote the map a (->• — (aBj + -B/a) by 

L 7 : V/ Vj (2.56) 



and compute for i E I, j & I 



and 



c 



e«B,) if ! r ' S ! = ! lj ; (2.57) 



■iAj if (r, s) = (j, i) 



Thus 

- (jiB! + £ je ij ) = -(iAj - \\)e ij = \{\- \ 3 )e ij (2.59) 

and we conclude 

Lj(e ij ) = l(Xi-Xj)e ij . (2.60) 
Thus, the map Lj is diagonal and the sign of its determinant is 

(_l)#{(U)eixJ c |Ai<M _ ^2.61) 

Since the Aj is an increasing sequence we therefore need to determine the numbers 

v » ■- #{(*,»') elxl c \i<i'} 

a] := (-lp . 

Summing over all I G • • • ,n}) we obtain the mapping degree of DE which equals the 

mapping degree of ©o, compare Proposition 12.31 Thus, we need to determine 

£ ^ • ( 2 - 63 ) 

iev({i,...,n}) 

The following relations hold 



(2.62) 



'/\{min /} 



v? -#{i> G / c | i' > min/} (2.64) 
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and 

€ I c I i' > mini} = #/ c - (mini - 1 



(2.65) 
= n - #/ - min 7+1 

thus 

A{mm/}_( " } ^ ■ , , ' (2.66) 

The last equation is trivially true and later used only for convenience. Furthermore, for 
j < mini 

oT4 = °l (2-67) 
where I — j := {i — j \ i £ /}. Combining this we obtain 



a 



n— min/ f -| ^n+#7+min/+l^ T n 

(7\{min /})— min 



Next we derive a recursion formula for the numbers 



Z(r,n):= E a? (2.69) 



IC{l,...,n} 
#/=r 



where < r < n. The mapping degree equals then 

n 

X)Z(r,n). (2.70) 



r=0 



The numbers l(r,n) can be thought of as local contributions to the mapping degree coming 
from the connected components of J 7 , see equation (|2. 14|) and Remark 12.21 The recursion 
formula is derived as follows. 



l(r,n)= Y, ^ 



/C{l,...,n} 
#I=r 

n 

E E °? 

3=1 /C{l,...,n} 
#/=r, min/=j 

n 

EV (_-[\n+r+j+l n-j 

3=1 IC{l,...,n} 
#7=r, min/=j 

n 

E E (-i) ra+r+j+1 & 

3=1 Kc{l,...,n-j} 
#K=r-l 

n— r+1 

E E (-i) n+r+j+1 

j=l ifc{l,...,n-i} 
#K=r-l 

n— r+1 

E (-l) B+T+J ' +1 i(r-l,n-j) 



(2.71) 
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where in the second last equation we removed the summands being trivially equal to zero. 
The following Lemma is Lemma IB. II in the Appendix together with the trivial observation 
that 1(0, n) = 1. 

Lemma 2.4. The numbers /(r, n) satisfy 

/(2s, 2m + 1) = /(2s, 2m) = /(2s + 1, 2m + 1) = (™\ (2.72) 

and 

/(2s + 1,2m) = . (2.73) 
In order to prove Proposition 12. 1 1 we compute the mapping degree to be (recall n = 2m + 1) 

2m+l 

d= l(r,2m + l) 

r=0 



^ Z(2s, 2m + 1) + /(2s + 1, 2m + 1) 



=o 
m 



(2.74) 



s=0 



= 2(1 + l) r 
_ 2 m +i 

This finishes the proof of Proposition 12.11 and thus of Theorem 11.21 

Appendix A. On the mapping degree 

Assume that X and Y are oriented manifolds of the same dimension and / £ C°°(X, Y) 
is a proper map. Recall that y E Y is called a regular value of / if for every x £ f (y) 
the differential df[x] : T X X — » T y Y is a linear isomorphism. Sard's theorem implies that the 
subset of regular values of / is dense. Since / is assumed to be proper it is also open. If 
y is a regular value, we define the function a y : f~ 1 (y) — > {—1, 1} by the requirement that 
(Tyix) = 1 if df[x] is orientation preserving and cr y (x) = — 1 otherwise. Then the degree of / 
at the regular value y is defined as 

xef-^y) 

Note that since / is proper the preimage of y is finite and therefore the sum is well defined. 
The degree only depends on the connected component of Y which contains y. Hence let us 
assume in the following that Y is connected so that we can set 

deg/ = deg y f 

for a regular value y of /. 

The purpose of this section is to extend the definition of degree also to slighty nonregular 
values, namely 

Definition A.l. A point y € Y is called a weakly regular value of /, if the set T> y := f~ 1 (y) 
is a submanifold of X and for each x 6 S y it holds that T x Y> y = ~kei df\x\. 
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Obviously a regular value of / is also weakly regular. One might think of the notion of 
weak regularity as an analogon of the Morse-Bott condition for smooth real valued functions 
on a manifold. Although a generic function is Morse for computational purposes it turns out 
to be useful to consider also Morse-Bott functions. For the same reason we introduce the 
notion of weak regularity. 

In the following let us assume that y G Y is a weakly regular value of /. We consider the 
normal bundle NT, y of T, y in X. We define 

fy'.NZy^TyY, £h+ df " ^ 

where tt: NY, y — > T, y is the footpoint projection. The orientations of X and Y induce orien- 
tations on AXy and T y Y. Note that by the assumption of weak regularity properness of / 
implies properness of the f y . Therefore the latter has a well defined degree, too, and we set 

degyf = degfy. 

The main result of this section is the following. 

Theorem A. 2. Assume that y is a weakly regular value of the function f . Then deg y f = 
degf. 

We first do a local consideration. For that purpose let us assume that / G C 2 (R m+k , R m+fc ) 
satisfies f(x,0) = for every x G R m . We define f G C 1 (R m+k ,R m+k ) by f (x,y) = 
df[x,0](0,y) for (x,y) G R m x R k . For e > denote by <j) t : R m x R k the diffeomor- 
phisms (x, y) \— > (x, ey) and by ifj e : R m+k — > R m+k the diffeomorphisms z i— > ez. Define 
f e G C 2 (R m+k ,R m+k ) by f e = VT 1 /^- 

Lemma A. 3. As e goes to zero, the sequence /<= converges to /o in the C/ oc -topology. 
Proof. We first fix (x,y) G R m x R k . Observing that 

fe(x, y) = f e (x, 0) + / df e (x,ty)ydt = df(x,ety)ydt 
Jo Jo 

we conclude that f e converges to /o in the C^ c -topology. To see that the derivatives also 
converge, fix (x,y), (x,y) G M m x R k and compute 

df e [x,y](x,y) = df e [x,0](x,y) + J d 2 f e [x,ty]((x,y), (0,yfjdt 

= 4f[x,0](p,V) + J d 2 f[x,ety}((x,ey),(0,o)dt. 

Therefore as e goes to zero df e [x,y](x,y) converges to 

df[x, 0](0, y) + d 2 f[x, 0] ((£, 0), (0, y)) = df [x, y](x, y). 

Moreover, the limit is uniform on compact subsets. This finishes the proof of the lemma. □ 

Proof of Theorem \A.HA Choose Riemannian metrics gx respectively gy on X respectively Y . 
For 5 > denote by U s C NY> y the open disk bundle U s = {£ G NT, y : < 5} and by 
Vs C T y Y the open disk V$ = {rj G T y Y : \\rj\\ < 5}. Choose 8 and 5' small enough such 
that the exponential maps exp : Us — > X and exp : V$i — > Y are diffeomorphisms to its image, 
that / o exp (Us) C exp(Vy) and there exists a constant c > such that for every £ G Us the 
inequality 

Hexp-VoexpCOH >c||£|| (A.l) 
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holds. That the last condition can be achieved follows from the assumption that y is weakly 
regular. For e > denote by 4> e : NT, y the diffeomorphism £ i— >■ e£ and by ip e : T y Y — > T y Y 
the diffeomorphism w ^ ew. We set 

f e : Us -> TyY", / e = ip' 1 o exp -1 o/ o exp o</> £ . 

Choose to € Vfr a regular value of f y . It follows from (IA.1|) that the set : < e < 1} 

is contained in a compact subset X of NY, y . By Lemma IA.3I /<= converges to f y in the C 1 - 
topology on i'T. Hence by the implicit function theorem we conclude that there exists eq > 
such that for every e € (0, eo] the point w is a regular value of / e and 

deg„, f y = deg w f t = deg cxp{ew) /| exp (c/ s ) • (A.2) 

Since / is proper there exists e\ > such that for every e 6 (0, ei] it holds that / _1 (exp(eit;)) C 
exp(J7,5). Therefore 

deg exp (ew) /lex P (C7 5 ) = deg exp ( e?i ,) /. (A.3) 
Combining equations (|A.2[) and (1A.3|) the assertion of the theorem follows. □ 

Appendix B. Combinatorics 
For < r < n we recursively define the number 

n—r+l 

l(r,n):= ^ (-l) n+r+J+1 /(r - 1, n - j) . (B.l) 
j'=i 

with 

/(0,n):=l, (B.2) 

compare equation (|2.7ip . 

Lemma B.l. The numbers /(r, n) satisfy 



/(2s, 2m + 1) ( = 5 /(2s, 2?n) ( = } /(2s + 1, 2m + 1) ( = } ( m ) (B.3) 



and 



/(2s + 1, 2m) = . (B.4) 



Proof. We first compute 

n-l+l 

l(l,n) = (-l) n+1+J+1 mn-j) 
j'=i 



J 1 : n odd 
I : n even 



Next we compute 

n— n+1 

Z(n,n)= E (-l) n+n+J+1 /(n - l,n- j) 
= l(n — l,n— 1) 



(B.6) 
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Thus, we conclude 

l(n,n) = 1(1,1) = 1 ■ (B.7) 

Next we prov<|] (a) s ,m-l => (d) s ,m- 

2m-2s-l+l 



/(2s + l,2m) = ^ (-l) 2m+2s+1+i+1 /(2s + l-l,2m-j) 
j=i 

2m-2s 

= ^ (-l)^(2s,2m-j) 



j=i 

2m-2s 2m-2s 

- £ Z(2s,2m-i)+ l(2s,2m-j) 
j=i i=i 

j odd j even 



(B.8) 



= - V /(2s, 2m - 2fc + 1) + ^ /(2s, 2m - 2fe) 

t.— 1 S V ' 7—1 

K ~ l l(2s,2m-2k) K_1 

= 

where we used (a) St t for t = s, . . . , m — 1. Now we prove (d) s _i im =>• («)s,m : 

2m+l-2s+l 

/(2s,2m + l) = (-l) 2m+1+2s+J+1 /(2s-l,2m + l-i) 

3=1 
2m-2s+2 

= (-l) J '/(2s-l,2m + l-i) 

3=1 

2m-2s+2 

= -/(2s - 1,2m) + V (-l>?/(2s - 1,2m + 1 - j) 

v — ' 

2m-2s+l 

= ^ (-l)^ 1 /(2s-l,2m-j) 
j'=i 

2m-2s+l 

= (-l) 2m+2s+j+1 U2s-l,2m-j) 

i=i 
= /(2s, 2m) 

Together we obtained (a) Sjm =r* (a) s +i jm +i. To complete the induction we note that (o)o,m 
holds since 

1(0, 2m + 1) = 1(0, 2m) = 1 . (B.10) 



(B.9) 



2 By a statement (a) s , m we mean that (a) s ,t holds for a!H < m and similarly for (&), (c), and (d). 
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Thus, assertion (a) is true. Moreover, (a) Sjjra _i =>■ (d) s>m then implies that (d) is true. Now 
we show (6): 

2m+l-2s-l+l 

Z(2s + l,2m + l) = (-l) 2m+1+2s+1+ - ?+1 /(2s + l-l,2m + l-j) 

2m-2s+l 

= E (-l) J+1 K2s,2m + l-i) 

2m-2s+l 

= l(2s,2m)+ V (-l) J+1 /(2s,2m + 1 - j) 

J=2 (B.ll) 

2m-2s 

= /(2s,2?n) + Y (-l) j l(2s,2m-j) 

3=1 

m—s m—s 

= l(2s, 2m) - ^ l ( 2s , 2m-2k + l) + ^2 l(2s, 2m - 2k) 

k— 1 k— 1 V v ' 

=i(2s,2m-2fc+l) 

= /(2s, 2m) , 

where we used (a) in the last step. It remains to show (c) which we prove by showing 

/(2s, 2m) = M • (B.12) 
This will be established by induction on s: 

l(0,2m) = l=( 1 f\ (B.13) 



and 



2m-2s+l 

l(2s, 2m) = {-lf m+2s+j+1 l{2s -1,2m- j) 

j=i 
m—s+l 

= (-l) 2fc ~ 1+1 ^(2s-l,2m-2A; + l) 

k=l 
m—s+l 



Y l(2s-l,2m-2k + l) (B.14) 

k=l 

.—3+1 

Y l(2s -2,2m -2k) 



k=l 
m—s+l 



S - 1 

k=l 

where we used first (d) and then (b). Finally we claim for 1 < s < m 

m—s+l 



k=l 
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which we prove by induction on m. The equation holds for m = 1 and m = s. The induction 
step is the following computation 




(B.16) 



□ 

This proves Lemma lB.ll 
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